Hilbert Spaces 2026 (MATS2210)

Assignment 5

Solutions

Exercise 5.1

Let f,g : [0,27] — C be continuous 2m-periodic functions. Recall the definition of

1 2
(g% f)(z) = 5 f(t)g(x —t)dt.
™ Jo
Make the substitution
u=ux—"t.

Then
t=z—u, dt = —du.

When t =0, u = 2. When t = 27, u = x — 27.
Thus,

1

e D) = [ fa = wgla)(~du).

Reversing the limits:

- % /:27T flz —u)g(u) du.

Since f and g are 27-periodic,
T 2m
/x27r N /0 ‘
1

(g% F)z) = — / " g()f(x — u)du = (f x g)(x).

Therefore,
2T

Hence, g% f = f % g.

Exercise 5.2

Let D, (x) be the n-th Dirichlet kernel:



We can rewrite it as a geometric series:

n 2n ;
) ) ) 1= ez(Zn—}—l)a}
2 ezkx —e nx E ezkx —e inx :
1 —e=
k=—n k=0
Factor /2 in numerator and denominator:

o eiendle/2  —i(2n+1)z/2 sin((2n + 1)z/2) sin((n + %)x)
D, (z)=e"" . , = _ = —
eir/2 — e=in/2 sin(z/2) sin(z/2)

Hence,

Exercise 5.3

Let f,g € C([0,27]) be 2m-periodic. The convolution is defined as

Feg)@) == [ fDglx -1t

:27T0

Consider

G0 =5 [ s = o [ L[ gt - i) e a

2'/T 27T 0

Apply Fubini to change the order of integration:

(f % g) (k) = (er)g /O " [ /0 " - t>e—fkrdx] .
Now, let 1 = o — t

2m 2m 27
/ g(x —t)e *ody = / g(u)e *ur gy — e_ikt/ g(w)e ™ du.
0 0 0

We obtain
1 27 ) 1 21 ) R
(F*9)'(k) = 5 / Fr)e it 5 / gw)edu = f(k) (k).

Therefore,

(f*g)\k) = |
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Exercise 5.4
Let E be a Banach space, and define
Inv(L(E)) :={T € L(F) : T is invertible}.
(a) Inv(L(FE)) is a group: We will verify the axioms of group.

Closure: If 71,75 € Inv(L(E)), then

() =Ty ' Tt € Inv(L(E)).

Associativity: It follows from the composition of linear operators.

Identity: The identity I satisfies I™' = I, so I € Inv(L(FE)).

e Inverse: By definition, each T' € Inv(L(E)) has an inverse T~! € L(FE).

Hence, Inv(L(FE)) is a group under composition.
)

(b) Inv(L(F)) is open:
Let T € Inv(L(E)) and define € := HT—LH If S € L(F) satistfies ||S — T|| < ¢, set

R:=T -5, sothat |[T'R| < 1.
Then
S=T-R=T(I-T'R).
Since |T7'R|| < 1, the Neumann series

o0

(I-T'R)™' =) (T7'R)"

n=0
converges in L(E), so [ — T7'R is invertible. Therefore,
StT=UI-T'R)'T' € L(E),

and S € Inv(L(E)).

Therefore we get
{SeL(E):||S=T| <e} Cnv(L(E)),

and that Inv(L(F)) is open in (L(E), || - |]).



