
Hilbert Spaces 2026 (MATS2210)

Assignment 4

Solutions

Exercise 4.1

(a) The inner product on L2([0, 2π]):
We verify the inner product axioms.

• Linearity: For x1, x2, y ∈ L2([0, 2π]) and α, β ∈ C,

(αx1 + βx2 | y) =
∫ 2π

0

(αx1(t) + βx2(t))y(t) dt = α(x1 | y) + β(x2 | y).

• Symmetry:

(x | y) =
∫ 2π

0

x(t)y(t) dt =

∫ 2π

0

y(t)x(t) dt = (y | x).

• Positive definiteness:

(x | x) =
∫ 2π

0

|x(t)|2 dt ≥ 0,

and (x | x) = 0 if and only if x(t) = 0 almost everywhere.

Thus (· | ·) defines an inner product on L2([0, 2π]).

(b) Orthonormality:
For n,m ∈ Z,

(xn | xm) =

∫ 2π

0

eint√
2π

eimt

√
2π

dt =
1

2π

∫ 2π

0

ei(n−m)t dt.

If n = m, then

(xn | xn) =
1

2π

∫ 2π

0

1 dt = 1.
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If n ̸= m, then ∫ 2π

0

ei(n−m)t dt =

[
ei(n−m)t

i(n−m)

]2π
0

=
ei(n−m)2π − 1

i(n−m)
= 0,

since ei(n−m)2π = 1.

Therefore,

(xn | xm) =

{
1, n = m,

0, n ̸= m.

Hence,

xn(t) =
eint√
2π

, n ∈ Z,

form an orthonormal sequence in L2([0, 2π]). □

Exercise 4.2

We prove the equality by proving both the set inclusions.

• (A)⊥ ⊂ A⊥.

Since A ⊂ A, any vector orthogonal to every element of A is, in particular, orthogonal
to every element of A. Hence,

(A)⊥ ⊂ A⊥.

• A⊥ ⊂ (A)⊥.

Let x ∈ A⊥. Then
⟨x, a⟩ = 0 for all a ∈ A.

Let y ∈ A. By definition of closure, there exists a sequence (yn) ⊂ A such that

yn → y in E.

Since the inner product is continuous,

⟨x, y⟩ =
〈
x, lim

n→∞
yn

〉
= lim

n→∞
⟨x, yn⟩.

But ⟨x, yn⟩ = 0 for all n, hence
⟨x, y⟩ = 0.

Therefore
x ∈ (A)⊥.

Hence,
(A)⊥ = A⊥.

□
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Exercise 4.3

Let (en)n∈N be a countable Hilbert basis of the Hilbert space E.
Define

D :=

{
n∑

k=1

qkek

∣∣∣∣∣ n ∈ N, qk ∈ Q

}
.

Observe that the set D is countable, since it is a countable union of finite products of Q,
which are countable.

Now to show D is dense in E. Let x ∈ E. Since (en) is a Hilbert basis, x has the
expansion

x =
∞∑
n=1

⟨x, en⟩en,

with convergence in the norm of E.
For any ε > 0, choose N such that∥∥∥∥∥x−

N∑
n=1

⟨x, en⟩en

∥∥∥∥∥ <
ε

2
.

Next, for each 1 ≤ n ≤ N , choose a rational number qn such that

|⟨x, en⟩ − qn| <
ε

2
√
N
.

Define

y :=
N∑

n=1

qnen ∈ D.

Then, using orthonormality and parseval identity i.e., for every x ∈ E, we have

∥x∥2 =
∞∑
n=1

|⟨x, en⟩|2.

where

x =
∞∑
n=1

⟨x, en⟩en.

We obtain

∥x− y∥2 =
N∑

n=1

|⟨x, en⟩ − qn|2 +
∞∑

n=N+1

|⟨x, en⟩|2.

By the choice of N and qn, we have

∥x− y∥ < ε.

Since every element of E can be approximated by the elements of D.
Therefore D is dense in E and E is separable.

□
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Exercise 4.4

Recall that the orthogonal projection PM : E → M is defined by

PM(x) := u.

where
x = u+ v,

for u ∈ M and v ∈ M⊥.
We need to verify

PM(αx+ βy) = αPM(x) + βPM(y)

for all x, y ∈ E and scalars α, β ∈ R.
Now represent x and y

x = ux + vx, ux ∈ M, vx ∈ M⊥,

y = uy + vy, uy ∈ M, vy ∈ M⊥.

Then for α, β ∈ R,
αx+ βy = αux + βuy + (αvx + βvy).

Since M and M⊥ are subspace, we get αux + βvy ∈ M and αvx + βvy ∈ M⊥ .
By uniqueness of the decomposition, the M -component of αx+ βy is

PM(αx+ βy) = αux + βuy = αPM(x) + βPM(y).

Hence, PM : E → E is linear. □
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