Hilbert Spaces 2026 (MATS2210)

Assignment 4

Solutions

Exercise 4.1

(a) The inner product on L*([0, 27]):
We verify the inner product axioms.

e Linearity: For zy, 15,y € L*([0,27]) and o, 8 € C,

mm+@mu»=Aﬂmmuwwhxmaﬁwza@mw+ﬂ@ﬂy>

e Symmetry:

<ww=£”wﬁ@w:£”wn@ﬁ=wm>

e Positive definiteness: )
@la) = [l it =0,

0
and (z | ) = 0 if and only if 2(¢) = 0 almost everywhere.

Thus (- | -) defines an inner product on L?([0, 27]).

(b) Orthonormality:
For n,m € Z,

If n = m, then



If n # m, then

2 i(n—m)t 727 i(n—m)2m __ 1
/ ez(n—m)t dt — { '€ :| _ e —0,
0 i(n —m) ],

since ein—m)2m —

Therefore,

Hence,

x,(t) =

¢ € Z
s n 5
\/271

form an orthonormal sequence in L?([0, 27])

Exercise 4.2

We prove the equality by proving both the set inclusions.
o (A)tcC At

Since A C A, any vector orthogonal to every element of A4 is, in particular, orthogonal
to every element of A. Hence, -
(At c A+
o Al C (Z)i
Let z € A*+. Then
(x,a) =0 forall a € A.

Let y € A. By definition of closure, there exists a sequence (y,,) C A such that
Yo —y in K.

Since the inner product is continuous,

(2,y) = <x’7}5‘§o yn> = lim (2, yn).

n—oo

But (z,y,) = 0 for all n, hence

(z,y) = 0.
Therefore -
re (At
Hence,
(At =at



Exercise 4.3

Let (en)nen be a countable Hilbert basis of the Hilbert space E.

Define
D = {Z qkCk

k=1

n € N, qkeQ}.

Observe that the set D is countable, since it is a countable union of finite products of Q,
which are countable.

Now to show D is dense in E. Let x € E. Since (e,) is a Hilbert basis, « has the

expansion
oo
E z, en €n,
n=1

with convergence in the norm of FE.
For any € > 0, choose N such that

N

T — Z(m,en>en

n=1

- €
5
Next, for each 1 < n < N, choose a rational number ¢, such that

Z,€n n < ——
Define

N
Y= Z Gnén € D.
n=1

Then, using orthonormality and parseval identity i.e., for every x € E, we have

[e%S)
2> =) (@, en)?
n=1

where
o
T = Z(x, €n)en.
n=1
We obtain

N 0o
lz = yl> = o en) —aul*+ >z en)l.
n=1

n=N+1
By the choice of N and ¢, we have

lz —yll <e.

Since every element of E' can be approximated by the elements of D.
Therefore D is dense in £ and E is separable.



Exercise 4.4

Recall that the orthogonal projection Py, : E — M is defined by

where

for u € M and v € M+,
We need to verify
Py(az + By) = aPuy(x) + BPu(y)

for all z,y € FE and scalars «, 5 € R.
Now represent x and y

T = Uz + Uy, UxEM, UxGMJ',

Y=uUy +vy, U, €M, UyEML.

Then for a, f € R,
ax + By = au, + Puy + (v, + Buy).

Since M and M+ are subspace, we get au, + Sv, € M and av, + Bv, € M+ .
By uniqueness of the decomposition, the M-component of ax + By is

Py (o + By) = au, + Buy = aPy(x) + BPu(y).

Hence, Py, : E — FE is linear.



