Jyvéaskyla Summer School “Emergent Quantum Matter in Artificial Two-dimensional Materials”
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Schedule for the Iecture

e 40 min lecture
e 15 min break

e 40 min lecture

e 15 min break

e 40 min lecture
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Today’s plan

e Van der Waals superconductors

* The impact of superconductivity in an electronic
structure

e Conventional and unconventional superconductivity
* Impurities in 2D superconductors
* Topological superconductivity
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Superconducting

van der Waals materials

Twisted graphene

Nb882 multilayers CrBr /NbSe,

Gapped trivial Nodal superconductivity Gapped topological
superconductors Spin-triplet superconductivity superconductors



.@ University of Jyviskyls Summer school 2022 "Emergent quantum matter in artificial two-dimensional materials"

The role of electronic interactions

Electronic interactions are responsible for symmetry breaking

Broken Broken Broken
time-reversal symmetry crystal symmetry gauge symmetry

Classical magnets Charge density wave Superconductors
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Quantum matter with interactions

We can consider two broad groups of interacting quantum matter

H = Ztijczcj + Z V;jklc;-rcjc;icl

/ Z] o \

With a mean field description Without a mean field description
~ > il Ialalals
H =~ Z tz’jci Cj -+ Z AijCiCj
%] ij o o o o
Approximate quadratic Hamiltonian No good quadratic approximation
Effective single particle description Requires exact solutions or numerical

Weakly correlated matter Strongly correlated matter
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Superconductivity

h Many-body state

— % Quantization of flux
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Single-particle state
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The theoretical description
of superconductivity
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Interactions and mean field

Free Hamiltonian Interactions
T
H = g twc ci + g V;]klc CjCp.C
1) 17kl

What are these interactions coming from?
* Electrostatic (repulsive) interactions
* Mediated by other quasiparticles (phonons, magnons, plasmons,...)

The net effective interaction can be attractive or repulsive

Superconductivity requires effective attractive interactions
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Origin of attractive interactions

Interactions between electrons can be effectively
attractive when mediated by other quasiparticles

Unconventional superconductors

Antiferromagnetic magnons
Ferromagnetic magnons
Phonons Plasmons

Valence fluctuations

Conventional superconductors

Charge fluctuations
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A simple Interacting Hamiltonian

Free Hamiltonian Interactions
(Hubbard term)
_ T T T T
H =) tijlehepr +eley]+) Uchend ey

From now on lets consider we have a spin degree of freedom T? \L

What is the ground state of this Hamiltonian?

[/ < () superconductivity [/ > () Magnetism
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The mean-field approximation,

superconductivit

Mean field: Approximate four fermions by two fermions times expectation values

Four fermions Two fermions
(not exactly solvable) (exactly solvable)

UCITCQ;TChCu ~ U IT j¢>c7;¢cz¢ + h.c.

UC@TCZTCI¢CZ¢ ~Acirciy + h.c.

For U <0 A ~ < CiaC j¢> is the superconducting order
l.e. attractive interactions
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A Hamlltonlan for a superconductor

Free Hamiltonian Pairing term

H = th ZTCJTqLchN —I—AZcﬁcquhc
ij

Lets have a look to the term A C'LT C’L\l,
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Superconductivity and symmetries

H ~ Acirc;p + h.c.

H|GS) = Egs|GS) \

This term destroys two electrons

’GS> Ground state

The ground state can not have a well defined number of electrons
IGS) ~ |2€) + |4€) + |6€) + ...
|IGS) ~ |le) + |3e) + |5e) + ...
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Gauge symmetry and superconductivity

What we know from quantum mechanics

“The phase of a wavefunction (field operator) does not have physical meaning”

This is what we know as gauge symmetry
¢, — e%c,

CIL — e_wc,};

Terms in the Hamiltonian that do not change under this transformation

CILCm Cj’L,TcnaT - CIL,J,Cnﬂ\l/ CIL,TCm7\L Cj"L,TcmaTCIL,J,Cma\L

Hopping Magnetism Spin-orbit coupling Interactions
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Sueconductmty and gauge symmetry

breaking

Gauge symmetry

cn — €9%¢), ¢l — e el

How does the superconducting order transform under a gauge transformation?

A:<IT j¢>
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Superconductmty and gauge symmetry

breaking

Gauge symmetry

cn — €9%¢), ¢l — e el

How does the superfluid density transform under a gauge transformation?

A —s e 2PA

A superconductor breaks gauge symmetry



The electronic structure of
a superconductor



How do we solve a Hamiltonian of the form H = Z ekcL <Ck,s T Z ACL TCT + h.c.

_ka\l/
k,s k

Ck
( T \ <« Electron sector

Define a Nambu spinor Wy = i

\ ; ) <«  — ———— Hole sector

The Hamiltonian in the Nambu basis is quadratic and can be diagonalized

H=UlHT,



The original Hamiltonian H = Z GkCL,ka,s + Z ACLTCT—k,i + h.c.
k.s k

Can be rewritten as

Ck1
1 + Ci| < Electron sector
_CT_kT - Hole sector
(Gk 0 A 0 \
0 € 0 A
with  H = k




Single orbital in the square lattice

_ § : T
H = Gka’SCk’S
k,s




Single orbital in the square lattice

H = Z ekcLSck,s + Z ACL,Tch_h¢ + h.c.
s y A — 0

electron 5
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A single orbital superconductor

Single orbital in the square lattice

H = Zekck ckS—I—ZAcch k¢+hc

EAVAVAS :

4 SCoga

E/t
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Impact of superconductivity

IN the electronic structure

Let us take the electronic structure of a triangular lattice

u=-1.0 _ u=-0.3 =04
5 5 5
= ] =
& o 2
a au a
= c =
o “o “o
Momentum Momentum Momentum
g=1.1 u=1.8 u=2.5
5 5 5
> > >
o = 2
Lot} @ [
v 0 &
0 0 0

Momentum Momentum Momentum



University of Jyviskyli Summer school 2022 "Emergent quantum matter in artificial two-dimensional materials"

Impact of superconductivity

IN the electronic structure

A uniform superconducting terms opens up a gap in the electronic structure

u=-1.0
5 \ / 5
= =
2 2
a a
g &
*o- 0
Momentum
p=11
5 | \ / 5
= )
& 2
Lif] i}
& &
0 0

[ e

Momentum

NS

u=-0.3

Momentum

u=18

\ /

Momentum

Energy

u=0.4

\ /

Mﬂmentum

H=2.5

\_/

Momentum
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University of Jyvaskyla

Impact of superconductivity

IN the electronic structure

Let us take the electronic structure of a square lattice

u=-1.0 _ u=-0.3 u=0.4
2 2 2
& & &
a O g O g O
[l = [
L LLI L
-2 - -2 -2
Momentum Momentum Momentum
u=11 _ u=18 pU=25
2 2 2
= = =
a O g O a O
c = =
L LLI L
-2 -2 -2

Momentum Momentum Momentum
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Impact of superconductivity

IN the electronic structure

A uniform superconducting terms opens up a gap in the electronic structure

u=-1.0 _ u=-0.3 u=0.4
? \ / * \ /| -\ /
= = =
g O g O 5 0
& & 5
= N/ = "\ [ "= \/
Momentum Momentum Momentum
u=11 _ =18 U=2.5
2] \ / ; \ / 2|

NS N~

Momentum Momentum Momentum



Let us now take a square lattice, and add a nodal superconducting order parameter

u=-1.0 _ u=-0.3 u=0.4
2 2 2 \
=) & &
g 0O g O a O
[ [ [
L LLI L
Momentum Momentum Momentum
g=11 _ t=18 u=2.5
2 2 2
& & &
g O g O a O
[ = =
L LLI L
-2 -2 -2
Momentum ' Momentum Momentum

Some parts of the Fermi surface get a gap, while others remain gapless



The electronic structure is modified differently depending on the type of superconductivity
nodal SC

3

No SC

Momentum

Energy

swave SC

3

SV

Momentum

Square lattice

3

Momentum




The electronic structure is modified differently depending on the type of superconductivity

4. No SC 4 swave SC 4 nodal SC
31 3 3
2 2 2
1 1 1
> = &
a O g O a O
| = =
L L (1N}
=1 =1 =1
-2 -2 -2
-3 -3 -3
—4 Momentum ' =4 Momentum =4 Momentum

Triangular lattice
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Break

10-15 min break

(optional) to discuss during the break

What is the correct sign for this equality, and why?

AL _ /AT T
(CraClpg) = (€l 1Cht) <CIZ,TCT—k,T> — —(cT_k,TcL’T>



Unconventional
superconductivity



A generic superconducting Hamiltonian

Af A‘i’ * —~ .
H' = EkaJCkO—_— .'-::crlo'g C—k:cr +Akgg Ck,alc—k,crz
3 2 1 l 2

k.o 01,02

Akt By
Can be characterized by a superconducting matrix Ak = ’ ’

Ap i+ Ak

The symmetry of the SC order determines the nature of the SC order
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Superconducting momentum symmetries

A generic type of a superconductor is characterized by the order parameter

Real space Reciprocal space

Apy(r,r) ~ {erpery) Apy(k) ~ (cxrexy)

The superconducting state can be characterized by the symmetry of ATi (k)
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Singlet and triplet superconductors

The superconducting order inherits a symmetry property
(

A_r = —Ay even
AN — _ R — yS182 ,$281
k,s152 —k,s251 _A—E = A odd
\ yS1S52 ;8281
Spin-singlet (even) Spin-triplet (odd)
A (k) = Apy (k) Art(k) = =App(=k)

The symmetry of the superconducting order characterizes the superconductor
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Generating a spin-triplet superconductor

Let us take a Hamiltonian breaking time-reversal with attractive interactions
Tt
RIS S L HIEL DD ST RDSCIER
(i7) (ij) s s’

kinetic exchange attractive interactions

At the mean-field level, this may generate

H ~ Z ATTCI,¢C;,¢ + h.c. + ...
(27)



We start with a ferromagnetic 2D material, and see if interactions create superconductivity

z

Energy
o

H =t Z c,l-:scj,s + J, Z 0" Cg’SCj,S/
(i3) i

Momentum




H =1 Z CI,SCj,s + Jz Z O-?S/CI,SCJ',S' + Vl Z Z(CI,SCJ;L,S) Z(C;(,S/C;as’)
(i7) v

(i) s s’
5 Without interactions ) With interactions
1 1
3 > N\
o 0] S 0
c C
L L v
-1 -1
-2 -2
Momentum Momentum

hole/electron hole/electron



Energy

Bandstructure LDOS at E=0

0.4 40 S —
0.2 20
0.0] > < 0!
—-0.24 —201
Momentum -80 —-60 —-40 -20 0 20 40 60 80
B
_ edge/bulk/edge _ | LDOS

A ferromagnetic superconductor can develop edge modes



ummer school 2022 "Emergent quantum matter in artificial two-dimensional materials"

Gapped and gapless superconductors

Let us focus on the superconducting order A4 (k)

Fully gapped Gapless

A (k)7 >0 As)(ka)2 =0

Twisted trilayer
NbSe, graphene
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Superconducting momentum symmetries

The superconducting state can be characterized by the symmetry of A(k)

s-wave p-wave d-wave

kz

Conventional SC Unconventional SC Unconventional SC
(driven by phonons) (driven by FE magnons) (driven by AF magnons)
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Some superconducting

symmetries in the sguare lattice

Some superconducting symmetries in the square lattice

swave pairin
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Some superconducting symmetries in the

triangular lattice

Some superconducting symmetries in the triangular lattice

swave pairin iri irin
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University of Jyvaskyla

Gapped superconducting orders

can be radically different

4 swave, Chern number O 4 chiral pwave, Chern number -2
) \ / ) \ /
> >
o O o O]
[ [
L W]
—4 Momentum —4 Momentum

hole/electron holefelectron

While both orders are gapped, they have different topological properties
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University of Jyvaskyla

Gapped superconducting orders

can be radically different

4 swave, trivial gap 4 chiral pwave, topological gap
2 2
> >
o O s O
[ c
L W]
-2 —2 1
—4 Momentum —4 Momentum

edge/bulk/edge edge/bulk/edge

The topological superconducting gap leads to protected edge excitations



Pair breaking effects In
superconductors
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Impurities in 2D superconductors

So-far we considered pristine superconductors, but what happens when we put impurities?

How detrimental are defects in superconductors?
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Impurities in 2D superconductors

A non-magnetic impurity A magnetic impurity

v

Several non-magnetic impurities Several magnetic impurities

e © ¢ o
O ® a
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Non-magnetic impurity, conventional

S-wave superconductor

Without non-magnetic impurity With non-magnetic impurity
2.0 ‘
1.51
1.51
u u
8 8
1-0_ 1.0_
0.5 0.5 -
0.0 -1 0 1 y 905 -1 0 1 2
E/A E/A

A non-magnetic impurity does not affect conventional s-wave superconductors



$ University of Jyviskyli Summer school 2022 "Emergent quantum matter in artificial two-dimensional materials”

Non-magnetic disorder, conventional

S-wave superconductor

Without non-magnetic disorder With non-magnetic disorder

2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5 .
<] <] .
g 00 S o0 o
-0.5 -0.5 o
-1.0 -1.0
—2.0 Momentum —2.0 Momentum

Non-magnetic disorder does not impact a conventional s-wave superconducting gap
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The interplay between

magnetism and superconductivity

Without magnetic impurity With magnetic impurity
4
3
15
u u
o Q2
010 O
) | J\j U W
0.0 0
-2 -1 0 1 2 -2 -1 0 1 2
E/A E/A

Magnetic impurities create in-gap states in fully gapped superconductors
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The interplay between
magnetism and superconductivity

The exchange coupling controls the energy of the in-gap state

2.0 Max

1.5
| DOS
0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0 Min
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The effect of magnetic disorder In

superconductors

Without magnetic disorder

2.0

1.5

1.0

0.5

0.0

[mf J AN

-0.5

Momentum

Magnetic disorder decreases the gap of conventional superconductors
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The Interplay between impurities and

unconventional superconductivit

Pristine With a non-magnetic impurity
3.0

2.0

2.5
1.5 2.0 v
1.0
N "/U U .

0.0

-1 0 1 2 -2 -1
E/A E/A

Non-magnetic impurities create in-gap states in fully gapped unconventional superconductors

DOS
o)
=
Ln
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The impact of non-magnetic disorder in

unconventional superconductors

Non-magnetic disorder in unconventional superconductors decreases the gap

50 Without disorder 20 With non-magnetic disorder
1.5 W -
1.0 1.0
0.5 0.5
< <
0 0.0 i) 0.0

s -1.0 . .
XYM X

Momentum ' Momentum
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Non-magnetic impurities in nodal

superconductors

Pristine 16 With a non-magnetic impurity
1.6 '
1.4 A
1.4
1o 1.2
1.0 1.0
8 0.8 308
(] O
0.6 0.6
0.4

0.2 .
0.0
-1 0 1 2 -2 -1 0 1

E/A E/A

Non-magnetic impurities create in-gap states in nodal unconventional superconductors
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Break

10-15 min break

(optional) to discuss during the break

What type of superconducting order is each one?

fo P P
Cn,TC’n/,\L Cn,TCn—l—l,¢ Cn,TCn—I—l,T

and which symmetries do they break?



One-dimensional
topological
superconductivity



Ck
( T \ «  ——— Electron sector

Define a Nambu spinor Wy = i

\ h ) <«  — ———— Hole sector

The Hamiltonian in the Nambu basis is quadratic and can be diagonalized

H = Ul 1Y,
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Majorana excitations

A very special type of fermion is a so-called Majorana fermion

Ul =0

Which by definition it is its own antiparticle

Majorana fermion do not appear naturally in materials, as we only have electrons

Yet, mathematically, each electron can be written as two Majoranas

c=T, +ilg =V, —iVs Ol =w, 0=y,

Can we isolate a single Majorana in a material?
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Looking at Majorana

excitations In superconductors

Excitations in superconductors are combinations of electrons and holes, for instance

U ~c,+cl

But this excitation is by definition a Majorana fermion

Ul =

Can we have superconductors in nature that show these excitations?
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Th |n|mal model for a 1D topologlcal

superconductor

One dimensional spinless p-wave superconductor (Kitaev model)

H = Z tcnﬂc,n + Acpcpt1 + c.c

p-wave superconductivity

/

/

H = Z ekc:{ﬂck + 1A {c_kck sin k — CJ(_;GCL sin k‘}
k
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A model Hamiltonian for topological

superconductivit
Spinless fermions in a 1D chain (Kitaev model)

H = Z c:[ban + cpCna1 + hec.

Can be transformed into Cn = V2n—1 T Y2n

H =1 E Yon"Y2n+1 ’y Majorana operators
n

A =&~
T _—

Unpaired Majorana operators
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' Amodel Hamlltonlan for topologlcal

superconductivit

Infinite one dimensional chain
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A model Hamiltonian for topological

superconductivit

Finite one dimensional chain

H = Z cjlcnﬂ + Acpcnaq + h.c. o Edge mode _-""""d
z I
C~CCC=€=€: = 7

0 20 40 60 80 100
State index

E/t

For finite systems, topological superconductivity gives rise to zero modes
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Majorana states as

topoloqgical surface modes

Generalized Kitaev model

H = Z c,};cnﬂ + AcpCpit + ,uchn + h.c.

- S

p-wave SC Chemical potential

- Large chemical potential render the system filled, and topologically trivial
- p-wave SC promotes a topological phase with Majorana states

The emergence of Majorana states is associated to non-trivial topology
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The two phases of the Kitaev model

. - (in the Majorana representation) _
Trivial Topological

e o6—0 o6—° ® 6—0 o—0 o




school 2022 "Emergent quantum n artificial two-dimensional materials'

R simple way of building a topological

superconductor with Majorana modes

Taking the surface states of a quantum spin-Hall (QSH) insulator

_>_>_
. a—

WTe
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R simple way of building a topological

superconductor with Majorana modes

Gap some of the helical modes with a magnet




school 2022 "Emergent quantum matter in artificial two-dimensional ma

A S|ple Way of bundlng a topologlcal

superconductor with Majorana modes

Majorana zero mode

Magnet
(break TR

Magnet
(break TR)




Two-dimensional
artificial topological
superconductivity
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Engineering unconventional superconductors with

conventional ones

CrBr,/NbSe,

Van der Waals superconductor

Van der Waals ferromagnet
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Engineering helical states

l_

>
>
o O
-
L

_l.

-2

Momentum
Sx

With Rashba SOC, a spin-dependent spin splitting appears



Hiin +Hj;+ Hsoc

/ \

Momentum

Sx

With Rashba SOC and exchange, helical states appear
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Engineering a topological superconductor

Hiyin HJ - Hsoc + Hsc

I N

Momentum

Sx

An s-wave superconducting gap opens up a tropological gap in the heterostructure
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Art|f|C|aI topological superconductivity C=1,

bulk electronic structure

Bulk electronic structure

20 SOC 20 SOC and exchange SOC exchange and SC
1.5 1.5 1.5
1.0+ 1.0 1.0
0.51 0.51 0.5
& & &
= 0.0 = 0.0 = 0.0 X
[ [ [
LL1 L L
—-0.51 -0.51 —-0.51
~1.01 -1.01 -1.0
~1.51 ~1.51 I \ —1.5 I
—2.0° Momentum —2.0° Momentum —2.0° Momentum '

The combination of SOC and exchange creates helical states
Superconductivity gaps out the helical states in a non-trivial way
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Art|f|C|aI topological superconductivity C=1,

ribbon electronic structure

100 Bandstructure LDOS at E=0
: 40
0.75 301
0.50 20
0.25 101
&
5 0.00 0
[ =y
L
-0.25 ‘_k -10
~0.50 . ' =20
~0.75 1 =307 |
-1.00 —40

Momentum —-40 -20 0 20 40
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Art|f|C|aI topological superconductivity C=3,

bulk electronic structure

Bulk electronic structure

20 SOC -0 SOC and exchange SOC exchange and SC

1.5 1.5 1.51 -\ /

1.0+ 1.0+ 1.0+

0.5 0.5 0.5+
3 3 / \ 3 A
= 0.0 = 0.0 = 0.0 X
O v O

=1.01 =1.01 =1.0
—2.0° Momentum —2.0° Momentum —2.0° Momentum '

The combination of SOC and exchange creates helical states
Superconductivity gaps out the helical states in a non-trivial way
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Art|f|C|aI topological superconductivity C=3,

ribbon electronic structure

1.00 Bandstructure LDOS at E=0
. G 1 T
0.75 15
e e e e esae00000000000000008000
0.50 10
0.25 5

0.00

Energy

-0.25

~0.50 10/
L
~0.75
_15 1
~1.00 TANEL £ -

Momentum -20 -10 0 10 20
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Topological phase

transition Iin the bulk

As we the value of the exchange coupling is changed,
a transition from trivial to topological emerges

l = 0.0 | =0.09 ] =0.17 | = 0.26

LIMALL | L INAL LINALL | D LINAL

Momentum Momentum Momentum Momentum

= 0.34 | =0.43 ] =0.51 ' ‘.Jd— 0.\6‘ '

VINALE L LIN AL VINM L M

Momentum Momentum Momentum Momentum

Energy

Energy
Energy
Energy

Energy

Energy
Energy
Energy

A gap closing appears at a critical value of the exchange field
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Topological phase

-?- University of Jyviskylil

transition Iin the edge

As we the value of the exchange coupling is changed,
a transition from trivial to topological emerges

| =0.0 ] =0.09 ]=0.17 ] =0.26
Y | i ' |
[ \J F 4 '-
] @ ] ]
& : - g M\ s S\
. , 1 “"\_'% Fial { !
Momentum Momentum Momentum Momentum
| =0.34 | =0.43 | = 0.51 ] = 0.6
7/ N - —
: N &z X N\ &/ B,
a a ]
I\, / w\ /| 5\ J 5\ ~ V4
Momentum Momentum Momentum

Momentum

A gap closing (and edge states) appear at a critical value of the exchange field
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For the exercise session this afternoon

Download the Jupyter-notebook from

https://github.com/joselado/jyvaskyla_summer_school_2022/blob/main/sessions/session2.ipynb

The tasks during the exercise sessions

You will see examples with the code You have to modify them, and answer questions

Exercise

= Discuss why an f-wawve order is a riplet superconducting order parameter
= Dascuss in which points of the Brillown zone the tnplet order {odd order parameter) must hawve nodes

Gaped s-wave (singlet) A Nodal f-wave (triplet)

holelelectron holejelectron
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